
Linear Classification
CS 534: Machine Learning

Slides adapted from Lee Cooper, Joydeep Ghosh, and Sham Kakade
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Review: Linear Regression
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Regression

• Given an input vector xT = (x1, x2, …, xp), we want to 
predict the quantitative response Y 

• Linear regression form: 

• Least squares problem: 

•  

f(x) = �0 +
pX

i=1

xi�i

min
�

(y �X�)>(y �X�) =) �̂ = (X>X)�1X>y
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Feature Selection

• Brute force is infeasible for large number of features 

• Algorithms 

• Best subset selection — beyond 40 features is 
impractical 

• Stepwise selection (forward and backward)
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Regularization

• Add penalty term on model parameters to achieve a 
more simple model or reduce sensitivity to training data 

• Less prone to overfitting 

min
�

L(X�,y) + �penalty(�)
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Ridge & Lasso RegularizationElements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 3
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FIGURE 3.8. Profiles of ridge coefficients for the
prostate cancer example, as the tuning parameter λ is
varied. Coefficients are plotted versus df(λ), the ef-
fective degrees of freedom. A vertical line is drawn at
df = 5.0, the value chosen by cross-validation.

Elements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 3
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FIGURE 3.10. Profiles of lasso coefficients, as the
tuning parameter t is varied. Coefficients are plot-
ted versus s = t/

Pp
1 |β̂j |. A vertical line is drawn at

s = 0.36, the value chosen by cross-validation. Com-
pare Figure 3.8 on page 9; the lasso profiles hit zero,
while those for ridge do not. The profiles are piece-wise
linear, and so are computed only at the points displayed;
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Ridge Lasso
Figures 3.8 & 3.10 (Hastie et al.)
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Thus far, regression: Predict a continuous value 
given some inputs or features
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Linear Classification
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Linear Classifiers: Spam Filtering

spam  
vs 

not spam
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Linear Classifiers: Weather Prediction
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Notation

• Number of classes: K 

• A specific class: k 

• Set of classes: G 

• Prior probability of class k: 

•  

⇡k = Pr(G = k)

KX

j=1

⇡j = 1
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Bayes Decision Theory
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Statistical Decision Theory Revisited
• Natural rule of classification: 

• Application of Bayes’ rule: 

• Since denominator same across all classes 

f(x) = argmaxj=1,...,KPr(G = k|X = x)

Pr(G = k|X = x) =
Pr(X = x|G = k)Pr(G = k)

Pr(X = x)

f(x) = argmaxj=1,...,KPr(X = x|G = k)⇡k
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Classification Evaluation
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Misclassification Rate

red area means it is an 
non-optimal design

optimal decision boundary

Pr(mistake) =

Z

R1

Pr(x, G2)dx+

Z

R2

Pr(x, G1)dx

Pr(x, G1) Pr(x, G2)
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Confusion Matrix & Metrics
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Problems with Accuracy

• Assumes equal cost for both types of error 

• FN = FP 

• Is 99% accuracy? 

• Depends on the problem and the domain 

• Compare to the base rate (i.e., predicting predominant 
class) 



CS 534 [Spring 2017] - Ho

Receiver Operating Characteristic Curve

https://en.wikipedia.org/wiki/Receiver_operating_characteristic

AUC = area 
under ROC 

curve

https://en.wikipedia.org/wiki/Receiver_operating_characteristic
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ROC Curves

• Slope is always increasing 

• Each point represents different tradeoff (cost ratio) 
between FP and FN 

• Two non-intersecting curves means one method 
dominates the other  

• Two intersecting curves means one method is better for 
some cost ratios, and other method is better for other 
cost ratios
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Area Under ROC Curve (AUC)

• > 0.9: excellent prediction — something potentially fishy, 
should check for information leakage 

• 0.8: good prediction 

• 0.5: random prediction 

• <0.5: something wrong! 

AUC is more robust to class imbalanced situation



CS 534 [Spring 2017] - Ho

Discriminant Analysis
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Bayes Classifier

• MAP classifier (maximum a posterior) 

• Outcome: partitioning of the input space 

• Classifier is optimal: statistically minimizes the error rate

Why not use Bayes classifier all the time?
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Discriminant Functions

• Each class has a discriminant function: 

• Classify according to the best discriminant: 

• Can be formulated in terms of probabilities 

ˆG(x) = argmaxj=1,...,K�k(x)

�k(x)

ˆG(x) = argmaxj=1,...,KPr(G = k|X = x)
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Discriminant Analysis

• Bayes’ rule: 

• Application of Bayes theorem: 

• Use log-ratio for a two class problem: 

Pr(G|X)Pr(X) = Pr(X|G)Pr(G)

Pr(G = k|X = x) =
fk(x)⇡kPK
`=1 f`(x)⇡`

log

Pr(G = k|X = x)

Pr(G = `|X = x)

= log

fk(x)

f`(x)
+ log

⇡k

⇡`



CS 534 [Spring 2017] - Ho

Linear Regression Classifier

• Each response category coded as indicator variable 

• Fit linear regression model to each column of response 
indicator matrix simultaneously 

• Compute the fitted output and classify according to 
largest component 

• Serious problems occurs when number of classes 
greater than or equal to 3!
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Linear Discriminant Analysis (LDA)

• Assume each class density is from a multivariate 
Gaussian 

• LDA assumes class have common covariance matrix 

• Discriminant function: 

fk(x) =
1

(2⇡)p/2|⌃k|1/2
exp

✓
�1

2

(x� µk)
>
⌃

�1
k (x� µk)

◆

�k(x) = x

>
⌃

�1µk � 1

2

µ>
k ⌃

�1µk + log ⇡k
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LDA Decision Boundaries

True distributions with 
same covariance and 

different means Figure 4.5 (Hastie et al.)

Estimated boundaries
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LDA vs Linear Regression

Figure 4.2 (Hastie et al.)

Elements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 4

Linear Regression
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Quadratic Discriminant Analysis (QDA)

• What if the covariances are not equal? 

• Quadratic discriminant functions: 

• Quadratic decision boundary 

• Covariance matrix must be estimated for each class

�k(x) = �1

2

log |⌃k|�
1

2

(x� µk)
>
⌃

�1
k (x� µk) + log ⇡k
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LDA vs. QDA Decision Boundaries

Elements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 4
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FIGURE 4.1. The left plot shows some data from
three classes, with linear decision boundaries found
by linear discriminant analysis. The right plot shows
quadratic decision boundaries. These were obtained by
finding linear boundaries in the five-dimensional space
X1, X2, X1X2, X

2
1 , X2

2 . Linear inequalities in this space
are quadratic inequalities in the original space.

Figure 4.1 (Hastie et al.)

LDA QDA
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Gaussian Parameter Values

• In practice, the parameters of multivariate normal 
distribution are unknown 

• Estimate using the training data 

• Prior distribution 

• Mean 

• Variance

⇡̂k = Nk/N

µ̂k =
X

gi=k

xi/Nk

⌃ =
KX

k=1

X

gi=k

(xi � µ̂k)(xi � µ̂k)
>/(N �K)
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Regularized Discriminant Analysis

• Compromise between LDA and QDA 

• Shrink separate covariances of QDA towards common 
covariance like LDA 

• Similar to ridge regression 

⌃̂k(↵) = ↵⌃̂k + (1� ↵)⌃̂
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Example: Vowel Data

• Experiment recorded 528 instances of spoken words 

• Words fall into 11 classes (“vowels”) 

• 10 features for each instance
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Regularized Discriminant Analysis

Elements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 4
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Regularized Discriminant Analysis on the Vowel Data

Test Data
Train Data

α

FIGURE 4.7. Test and training errors for the vowel
data, using regularized discriminant analysis with a se-
ries of values of α ∈ [0, 1]. The optimum for the test
data occurs around α = 0.9, close to quadratic discrim-
inant analysis.

Figure 4.7 (Hastie et al.)

Optimum for test occurs close to QDA
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Reduced-rank LDA

• What if we want to further reduce the dimension to L 
where L < K - 1? 

• Why? 

• Visualization 

• Regularization — some dimensions may not provide 
good separation between classes but just noise
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Fisher’s Linear Discriminant

• Find projection that maximizes 
ratio of between class variance 
to within class variance 

Figure 4.6 (Bishop)

�2
between

�2
within

=
(a>(µ1 � µ2))2

a>(⌃1 + ⌃2)a
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Why Fisher Makes Sense

• Following information is taken into account 

• Spread of class centroids — direction joining centroids 
separates the mean 

• “Shape” of data defined by covariance — minimum 
overlap can be found
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Why Fisher Makes Sense: Graphically

Elements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 4

+

+
+

+

FIGURE 4.9. Although the line joining the cen-
troids defines the direction of greatest centroid spread,
the projected data overlap because of the covariance
(left panel). The discriminant direction minimizes this
overlap for Gaussian data (right panel).

Figure 4.9 (Hastie et al.)

Discriminant direction
Projected data 

maximizing between 
class only
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Vowel Data: 2-D SubspaceElements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 4

Coordinate 1 for Training Data
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Linear Discriminant Analysis

FIGURE 4.4. A two-dimensional plot of the vowel
training data. There are eleven classes with X ∈ IR10,
and this is the best view in terms of a LDA model (Sec-
tion 4.3.3). The heavy circles are the projected mean
vectors for each class. The class overlap is consider-
able.

Figure 4.4 (Hastie et al.)
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Vowel Data: Reduced-rank LDA

Figure 4.10 (Hastie et al.)
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Vowel Data: Reduced-rank LDA (2)

Figure 4.11 (Hastie et al.)

Elements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 4
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FIGURE 4.11. Decision boundaries for the vowel
training data, in the two-dimensional subspace spanned
by the first two canonical variates. Note that in any
higher-dimensional subspace, the decision boundaries
are higher-dimensional affine planes, and could not be
represented as lines.
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Logistic Regression
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Revisiting LDA for Binary Classes

• LDA assumes predictors are normally distributed 

• Log odds of class 1 vs 2 is a linear function 

• Why not estimate coefficients directly?

log

Pr(G = k|X = x)

Pr(G = `|X = x)

= log

⇡k

⇡`
� 1

2

(µk + µ`)
>
⌃

�1
(µk + µ`)

+ x

>
⌃

�1
(µk � µ`)

= ↵0 +↵>
x
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Link Functions

• How to combine regression and probability? 

• Use regression to model the posterior 

• Link function 

• Map from real values to [0,1] 

• Need probabilities to sum to 1
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Logistic Regression

• Logistic function (or sigmoid) 

• Apply sigmoid to linear function of the input features 

Pr(G = 0|X,�) =
1

1 + exp(X�>
)

Pr(G = 1|X,�) =
exp(X�>

)

1 + exp(X�>
)

f(z) =
1

1 + exp(�z)
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Sigmoid Function

f(x) =

1

1 + exp

(w0+w1x)
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Fitting Logistic Regression Models

• No longer straightforward (not simple least squares) 

• See book for discussion of two-class case 

• Use optimization methods (Newton-Raphson) 

• In practice use a software library
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Optimization: Log Likelihood

• Maximize likelihood of your training data by assuming 
class labels are conditionally independent 

• Log likelihood 

L(✓) =
nY

i=1

Pr(G = k|X = xi), ✓ = {�0,�}

`(✓) =
nX

i=1

Pr(G = k|X = xi)

= pk(x; ✓)
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Optimization: Logistic Regression

• Log likelihood for logistic regression 

• Simple gradient descent using derivatives 

• Book illustrates Newton-Raphson which uses 2nd order 
information for better convergence

`(✓) =
nX

i=1

(yi�
>
xi � log(1 + exp

(�>
xi)

))

@`(�)

@�
=

nX

i=1

xi(yi � p(x;�))
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Logistic Regression Coefficients

• How to interpret coefficients? 

• Similar to interpretation for linear regression 

• Increasing the ith predictor xi by 1 unit and keeping all 
other predictors fixed increases: 

• Estimated log odds (class 1) by an additive factor 

• Estimated odds (class 1) by a multiplicative factor                       exp�i

�i
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Example: South African Heart Disease
• Predict myocardial infarction – “heart attack” 

• Variables: 

• sbp – Systolic blood pressure 

• tobacco – Tobacco use 

• ldl – Cholesterol measure 

• famhist – Family history of myocardial infarction 

• obesity, alcohol, age
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Example: South African Heart Disease

Table 4.2 (Hastie et al.)
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Example: South African Heart Disease

Figure 4.12 (Hastie et al.)

Elements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 4

sbp
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FIGURE 4.12. A scatterplot matrix of the South
African heart disease data. Each plot shows a pair of
risk factors, and the cases and controls are color coded
(red is a case). The variable family history of heart
disease (famhist) is binary (yes or no).
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Example: South African Heart Disease

Figure 4.13 (Hastie et al.)

Elements of Statistical Learning (2nd Ed.) c⃝Hastie, Tibshirani & Friedman 2009 Chap 4
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FIGURE 4.13. L1 regularized logistic regression coef-
ficients for the South African heart disease data, plotted
as a function of the L1 norm. The variables were all
standardized to have unit variance. The profiles are
computed exactly at each of the plotted points.
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Linear Separability & Logistic Regression

• What happens in the case when my data is completely 
separable? 

• Weights go to infinity 

• Infinite number of MLEs 

Use some form of regularization to avoid this scenario
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LDA vs Logistic Regression
• LDA estimates the Gaussian parameters and prior (easy!) 

• Logistic regression estimates coefficients directly based on 
maximum likelihood (harder!) 

• Both have linear decision boundaries that are different — 
why? 

• LDA assumes normal distribution within class 

• Logistic regression is more flexible and robust to situations 
with outliers and not normal class conditional densities
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Multiclass Logistic Regression

• Extension to K classes: use K - 1 models 

• Model the log odds of each class to a base class 

• Fit coefficients jointly by maximum likelihood 

• Put them together to get posteriors 

log

Pr(G = j|X = x)

Pr(G = K|X = x)

= �0j + �>
j x

Pr(G = i|x) = exp(�0i + �>
i x)

1 +

P
j exp(�0j + �>

j x)
, i 6= j
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Logistic Regression Properties

• Advantages 

• Parameters have useful interpretations — the effect of unit 
change in a feature is to increase the odds of a response 
multiplicatively by the factor 

• Quite robust, well developed 

• Disadvantages 

• Parametric, but works for entire exponential family of distributions 

• Solution not closed form, but still reasonably fast

exp�i
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Logistic Regression Additional Comments

• Example of a generalized linear model with canonical link 
function = logit, corresponding to Bernoulli 

• For more information, see short course by Heather 
Turner (http://statmath.wu.ac.at/courses/
heather_turner/glmCourse_001.pdf) 

• Old technique but still very widely used 

• Output layer for neural networks

http://statmath.wu.ac.at/courses/heather_turner/glmCourse_001.pdf
http://statmath.wu.ac.at/courses/heather_turner/glmCourse_001.pdf
http://statmath.wu.ac.at/courses/heather_turner/glmCourse_001.pdf


CS 534 [Spring 2017] - Ho

Comparison on Vowel Recognition

Table 4.1 (Hastie et al.)



CS 534 [Spring 2017] - Ho

Generative vs Discriminative

• Generative: separately model class-conditional densities 
and priors 

• Example: LDA, QDA 

• Discriminative: try to obtain class boundaries directly 
through heuristic or estimating posterior probabilities 

• Example: Decision trees, logistic regression
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Generative vs Discriminative Analogy

• Task is to determine the language someone is speaking 

• Generative: Learn each language and determine which 
language the speech belongs to 

• Discriminative: Determine the linguistic differences 
without learning any language


